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HODGE TYPE OF THE EXOTIC COHOMOLOGY OF
COMPLETE INTERSECTIONS
HE´LE`NE ESNAULT AND DAQING WAN
Abstract. If X ⊂ Pn is a smooth complete intersection, its co-
homology modulo the one of Pn is supported in middle dimension.
If the complete intersection is singular, it might also carry ex-
otic cohomology beyond the middle dimension. We show that for
this exotic cohomology, one can improve the known bound for the
Hodge type of its de Rham cohomology.
Type de Hodge de la cohomologie exotique des intersec-
tions comple`tes.
Re´sume´: Si X ⊂ Pn est une intersection comple`te lisse, sa co-
homologie modulo celle de Pn est supporte´e en dimension moitie´.
Si l’intersection comple`te est singulie`re, elle peut aussi avoir de
la cohomologie exotique en dimension supe´rieure. Nous montrons
qu’ on peut ame´liorer le type de Hodge de cette cohomologie de de
Rham exotique.
Version franc¸aise abre´ge´e. Si X ⊂ Pn est une intersection comple`te
lisse sur un corps k, sa cohomologie modulo celle de Pn est supporte´e
en dimension moitie´. Si l’intersection comple`te est singulie`re, elle peut
aussi avoir de la cohomologie exotique en dimension supe´rieure. Si le
degre´ de X ve´rifie d1 ≥ d2 ≥ . . . ≥ dr et si 0 < κ ≤
n−d2−...−dr
d1
, alors
nous disposons du the´ore`me de Ax-Katz [7] pour k = Fq qui affirme
que les ze´ros et poˆles re´ciproques de la fonction zeˆta de Pn \ X sont
divisibles par qκ en tant que nombres alge´briques. Son pendant en
the´orie de Hodge dit que le type de Hodge est alors ≥ κ ([1], [3], [5],
[6]). Ces valeurs sont optimales. Si X n’est plus lisse, apre`s normali-
sation convenable de la fonction zeˆta, on peut ame´liorer la divisibilite´
([8]). Dans cette note, nous utilisons la me´thode de [5] pour montrer
l’ame´lioration correspondante du coˆte´ Hodge.
1 The first author is supported by the DFG-Schwerpunkt “ Komplexe Mannig-
faltigkeiten” while the second author is partially supported by the NSF.
Date: Dec. 9, 2002.
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1. Introduction
Let X ⊂ Pn be a complete intersection of multi-degree
d1 ≥ d2 ≥ . . . ≥ dr ≥ 1(1.1)
over a field k of characteristic zero, where 0 ≤ r ≤ n. It is well known
that
H i(X)/H i(Pn) ≃ H i+1c (P
n \X), for i ≤ 2(n− r),(1.2)
H ic(P
n \X) ≃ H i(Pn), for i ≥ 2(n− r) + 2.
Furthermore, one has the vanishing
H i(X)/H i(Pn) ≃ H i+1c (P
n \X) = 0, for i < (n− r).(1.3)
If X is also smooth, one has the further vanishing
H i(X)/H i(Pn) ≃ H i+1c (P
n \X) = 0, for 2(n− r) ≥ i > (n− r),
(1.4)
and so the cohomology H i(X)/H i(Pn) is concentrated in the middle
dimension i = dim(X) = (n − r) in the smooth case ([1]). If the
complete intersection is singular, it may have exotic cohomology for i >
dim(X). That is, some of the groups H i+1c (P
n \X) = H i(X)/H i(Pn)
might not vanish for some i with dim(X) = (n−r) < i ≤ 2(n−r). The
Hodge type of H i+1c (P
n \X), that is the largest non-negative integer µ
for which the Hodge filtration fulfills F µH i+1c (P
n \X) = H i+1c (P
n \X),
is closely related to the first slope of the zeta function of Pn \X over a
finite field.
Let κ = max{0, [n−d2−...−dr
d1
]}, where [x] denotes the integer part of
x. If k = Fq is the finite field with q elements of characteristic p, the
theorem of Ax and Katz ([7]) says
|(Pn \X)(Fq)| ≡ 0 mod q
κ.(1.5)
The zeta function
Z(Pn \X, T ) = exp(
∞∑
m=1
|(Pn \X)(Fqm)|
m
Tm)(1.6)
is a rational function over Q, by Dwork’s rationality theorem ([4]). We
factor the zeta function over the algebraic closure of the p-adic rational
number field Qp:
Z(Pn \X, T )(−1)
n−r
=
∏a
i=1(1− αiT )∏b
i=1(1− βiT )
,(1.7)
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where the αi (resp. the βj) are the reciprocal zeros (resp. the reciprocal
poles) of Z(Pn \ X, T )(−1)
n−r
. The Ax-Katz theorem is equivalent to
the following lower bound for the first slope of the zeta function:
ordq(αi) ≥ κ, ordq(βj) ≥ κ.(1.8)
This result has a Hodge theoretical analogue. If k has characteristic 0,
then X has Hodge type HT
HT (H ic(P
n \X)) ≥ κ for all i.(1.9)
(See [1] for the smooth case, [3] for the hypersurface case, [5] for the
complete intersection case and [6] for the general case.)
The above bounds are sharp ([7], [5]) among all the X defined by
r equations of degrees d1 ≥ d2 ≥ . . . ≥ dr . However, it is proven in
[8], Theorem 1.3 that if X is a complete intersection, then the above
slope bound can be improved for the βj’s. More precisely, if κ1 =
max{0, [n−1−d2−...−dr
d1
]}, then for complete intersections X , one has
ordq(βj) ≥ κ1 + 1.(1.10)
If n − d2 − . . . − dr > 0 and d1 divides (n − d2 − . . . − dr), then this
bound κ1 + 1 = κ does not improve the one by Ax and Katz. But if
either n − d2 − . . .− dr ≤ 0 or d1 does not divide (n− d2 − . . .− dr),
then one obtains the strict improvement:
ordq(βj) ≥ κ1 + 1 = κ + 1.(1.11)
The purpose of this note is to show the corresponding Hodge theo-
retical improvement, which then concerns only the exotic cohomology.
One has
Theorem 1.1. Let X ⊂ Pn be a complete intersection of multi-degree
d1 ≥ . . . ≥ dr ≥ 1. Let
κ1 = max{0, [
n− 1− d2 − . . .− dr
d1
]}.
Then for i ≥ 1, one has
HT (Hn+1−r+ic (P
n \X)) ≥ κ1 + 1.(1.12)
Note that if i < 0, the cohomology Hn+1−r+ic (P
n\X) vanishes. If i =
0, Ax-Katz’ bound (1.9) can not be improved in general as noted above.
If X is not assumed to be a complete intersection, for example think
of X being defined by r times the same equation, then the theorem,
obviously, can’t be true. Remark 2.2 shows that our bound on the
Hodge type can’t be improved to κ1 + 2.
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Finally let us observe that, in the singular case, we do not know
whether (1.5) implies that the eigenvalues of Frobenius acting on ℓ-
adic cohomology are divisible by qκ, due to possible cancellations in
the representation of the zeta function as a rational function. While
we know that the Hodge type is at least κ for all cohomology groups,
that is for all i in (1.9). Theorem 1.3 of [8] concerns only the slope
improvement for the reciprocal poles, while Theorem 1.1 concerns all
cohomology groups beyond the middle dimension, whether of odd or
of even dimension.
We shall use the method of [5], Proposition 1.2 to reduce the theorem
to a vanishing theorem which is a more precise version than the one
shown in loc.cit, Proposition 2.1.
Acknowledgements. We thank the Morningside Center of Mathematics
in Beijing for its hospitality. We thank Pierre Deligne for his precise
and kind comments. He proposed a simplification of our original proof,
which made transparent the proof of the generalization 2.3 of Theorem
1.1. Since our proof would have been too combinatorial, we hadn’t
included Theorem 2.3 in our original manuscript.
2. The proof of the Theorem
Let I denote the ideal sheaf (f1, · · · , fr) in P
n. We know by [5],
Proposition 1.2 that it is enough to show
Hn+1−r+i(Pn, Iκ1+1 → Iκ1 ⊗ Ω1 → . . .→ I ⊗ Ωκ1) = 0, i ≥ 1.(2.1)
This is of course implied by the vanishing
Proposition 2.1. Let (X, di, κ1, n, i) be as in Theorem 1.1. Then one
has
Hn+1−r+i−s(Pn, Iκ1+1−s ⊗ Ωs) = 0, 0 ≤ s ≤ κ1.(2.2)
Proof. We give here a simplification of our original proof due to Pierre
Deligne.
By the standard resolution of Ωs
Pn
0→ Ωs
Pn
→ ⊕nsOPn(−s)→ ⊕ns−1OPn(−(s− 1))→ . . .→ ⊕n0OPn → 0
(2.3)
for some positive integers ni, we are reduced to showing
Hn+1−r+i−s−a(Pn, Iκ1+1−s(−(s− a))) = 0, 0 ≤ a ≤ s ≤ κ1.(2.4)
For s = 0, this reduces to
Hn+1−r+i(Pn, Iκ1+1) = 0, i ≥ 1.(2.5)
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The exact sequence
0→ Iκ1+1 → OPn → OPn/I
κ1+1 → 0(2.6)
induces the exact sequence
Hn−r+i(Pn,OPn/I
κ1+1)→ Hn+1−r+i(Pn, Iκ1+1)→ Hn+1−r+i(Pn,OPn).
(2.7)
Since (n−r+i) > dim(X), the term on the left vanishes by cohomologi-
cal reasons, while the term on the right vanishes since (n+1−r+i) ≥ 1.
This shows Proposition 2.1 for s = 0.
Assume now that s ≥ 1. In particular κ1 ≥ 1 and thus κ1d1 ≤
n− 1− d2 − · · · − dr. For 0 ≤ a ≤ s ≤ κ1, one has
(2.8) (κ1 + 1− s)d1 + (s− a) ≤ (κ1 + 1− s)d1 + s
= κ1d1 − (s− 1)(d1 − 1) + 1
≤ κ1d1 + 1 ≤ (n− d2 − . . .− dr).
Thus Proposition 2.1 of [5] allows to conclude
Hm(Pn, Iκ1+1−s(−(s− a))) = 0, 0 ≤ a ≤ s ≤ κ1, m ≥ 0.(2.9)
This finishes the proof. 
Remark 2.2. If X is the union of two planes P2 ⊂ P3, then κ1 =
1 < n
d
= 3
2
, and X is a normal crossing divisor to which one can apply
directly [2]. One has H ic(P
3 \ X) = Hi(P3,Ω•(logX)(−X)). How-
ever Ω2(logX)(−X) = O(−3) ⊕ O(−3) ⊕ O(−4). Since the Hodge
to de Rham spectral sequence degenerates, one obtains H5c (P
3 \X) =
H3(O(−4)) 6= 0, κ1 + 1 = 2, and the Hodge type of H
5
c (P
3 \ X) is
2 but not 3, which can also be checked by writing that P3 \ X is
isomorphic to Gm × A
2. In contrast to this, if κ1 = 0 <
n
d
= 3
3
,
and X is the union of three planes P2 ⊂ P3 in general position, one
has Ω1(logX)(−X) = O(−3) ⊕ O(−3) ⊕ O(−4), thus by the degen-
eration of the Hodge to de Rham spectral sequence again, one sees
H4c (P
3 \ X) = H4(P3,Ω•(logX)(−X)) = H3(O(−4)) 6= 0. Thus the
Hodge type of H4c (P
3 \X) is 1 but not 2, which can also be checked by
writing that P3 \X is isomorphic to (Gm)
2 × A1.
We conclude the note by a remark which shows the pattern of The-
orem 1.1.
Theorem 2.3. Let X ⊂ Pn be a complete intersection of multi-degree
d1 ≥ . . . ≥ dr ≥ 1. Let ℓ be an integer such that 0 ≤ ℓ ≤ n+1− r. Let
κℓ = max{0, [
n− ℓ− d2 − . . .− dr
d1
]}.
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Then for i ≥ ℓ, one has
HT (Hn+1−r+ic (P
n \X)) ≥ κℓ + ℓ.(2.10)
Proof. For i ≥ n− r + 1, we have n + 1− r + i ≥ 2(n− r) + 2, thus
Hn+1−r+ic (P
n \X)) = Hn+1−r+i(Pn).(2.11)
This is 0 if (n+1−r+ i) is odd. Otherwise, it has Hodge type n+1−r+i
2
.
The last number is at least ℓ since i ≥ ℓ and n + 1 − r ≥ ℓ. Thus, we
may assume that κℓ > 0, in which case κℓ + ℓ ≤ n− d2 − · · · − dr and
n + 1− r + i
2
≥ n+ 1− r ≥ n− d2 − · · · − dr ≥ κℓ + ℓ.(2.12)
It remains to consider the case i ≤ (n−r). The proof goes as before.
By loc. cit. it suffices to show
Hn−r+1+i−s(Pn, Iκℓ+ℓ−s ⊗ Ωs) = 0, s < (κℓ + ℓ).(2.13)
Considering the exact sequence
0→ Iκℓ+ℓ−s ⊗ Ωs → Ωs → Ωs/Iκℓ+ℓ−s ⊗ Ωs → 0(2.14)
one obtains
Hn−r+1+i−s(Pn, Iκℓ+ℓ−s ⊗ Ωs) = 0, for i > s, n− r + 1 + i− s 6= s.
(2.15)
On the other hand, if (n − r + 1 − i) = 2s and s ≤ (i − 1), one has
(n − r + 1 − i) ≤ 2(i − 1) that is (n − r + 3) ≤ i which contradicts
i ≤ (n− r).
Let now s ≥ i ≥ ℓ. Since s < κℓ + ℓ, we must have κℓ > 0. By the
standard resolution (2.3) of Ωs, we are reduced to showing
Hn+1−r+i−s−a(Pn, Iκℓ+ℓ−s(−(s− a)) = 0, 0 ≤ a ≤ s ≤ κℓ.(2.16)
One checks that for s ≥ ℓ and 0 ≤ a ≤ s ≤ κℓ,
(2.17) (κℓ + ℓ− s)d1 + d2 + . . .+ dr + s− a =
κℓd1 + d2 + . . .+ dr − (s− ℓ)(d1 − 1) + (ℓ− a) ≤
κℓd1 + d2 + . . .+ dr + ℓ ≤ n.
The last inequality holds because κℓ > 0. The desired vanishing follows
from Proposition 2.1 of [5]. This finishes the proof. 
Remark 2.4. The case ℓ = 0 of Theorem 2.3 is the main result of [5].
The case ℓ = 1 of Theorem 2.3 reduces to Theorem 1.1 in the above.
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